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On Analytic Review of the Binomial Theorem and its Generalized Results
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Abstract

The Binomial theorem in this work was sufficiently reviewed before it was
used in the development of the trinomial theovem. Subsequent upon this
was the continued extension of this result to the nth finite order, the
contimious expansion of which resulted in the complicated multinomial
theorem, the ideas of which were used in the last section to analytically
develop different multinomial series and their convergence results.
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Introduction

Any expression such as (atx) involving two terms is known as a
binomial expression and thus (a+x)" is a binomial function and the
statement of its expansion in powers of x is known as the binomial
theorem (7 1s the index).

The method used in proving the binomial theorem for a positive
integral index is known as the method of induction and in this
method (which can be applied to various other theorems and
problems), it is assumed that the expansion holds true for power n.
Next it is proved by algebra that the result is true when n is replaced
by (n+1). The expansion is then proved to be valid for n=2. This
being the case, it will also be true for #=3, and therefore #=4, and so
on for all positive integral values of ».

Itis assumed thatif » be a positive integer, then
(a+ )" = a"+*Cra" x4+ Cra™2x% +

A @V TN g T T 4 e T (1.1)

Multiplying (1.1) by (a+x) and showing only necessary terms,
(a+ )™ = g™ 40 a " x+ " Coa™ 1x? +

AT T 4t ax™ a0 e i

o+ Ca™ x4 e X7

= a1+ (*C, + Dax + ("C,+7C)a™ 1x?

+ ook ("CoACy_ )@ x4 x (1.2)

Now, "C;+1=n+1=""¢,

n n = n
and "C 470 = F—r) + (r-D!(n-r+1)!

1 n!
= nl
n: {r!(n-—r): + (r—l)!(‘n—‘r+1)!}
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. nl {(n—-r+1) 7l }

T ritn—r+1)! L (n—r)t (r~1)!
1 =—" _[(n~r+1)+7]
ri(n—-r+1)!
(n+1)n!  {(n+1)!

— — —n+1 C
ri(n—r+1)!  ri(n—-r+1)! r

Using theseresults (1.2) becomes [Hsu (1990)]
(Cl + x)‘n+1 — an+1+n+1Clanx+n+162an—1x2 +
o AL @M (1.3)
If 7 be replaced by (n+1)in (1.1)
the equation {1.3) is obtained.
Thus, if the binomial theorem be true for the index » it must also be
true forthe index (n+1). By algebra [Trench (2010)]
(a+x)? = a® + 2ax + x?
=a’+%Cax + x? (2 =2 ¢Cy)

(a+x)* =a®+3a’x + 3ax? +x3

= a*+3C,a’x+3Cax? + &3 B=°C =%¢()

But these are the results of replacing » by 2 and 3 respectively in
equation (1.1) and therefore the binomial theorem is true for n=2
and #=3, '
[Tranta and Landa (1980)]

Hence, by statement above, since the theorem is true for #=3, it must
be true for n=4 and since its true for n=4, it must be true for »=3, and
so on for all positive integral values of »n. Thus, for all positive
integral values of n

(a +x)" = a™+"Cia" x4+ Ca"%x2 +
e Cat X e xT
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The notation "¢, is best reserved for the proof and the expansion of
the binomial theorem should be remembered in the following
equivalent form, since it also applies to the case when n is not a
positive integer.

nn—1) o nn-10n-2)..(n-r+ ﬂa

n—r,r
X
2! r!

(a4 x)"=a" +na"1x +
.+. ™

INULE. YV IICH ulIC Pail UL WE UHIVILIAL CAPLESSIOLL 1S HEZAalve, 1L 15
advisable to consider the negative quantity as +x in (a+x)". In this
manner the formula as stated can be used with all positive signs
between the terms.

The binomial theorem can be modified to apply to a trinomial
expression (at+b+c)" and further extended to apply to multinomial
expression (more than three terms). In the case of the trinomial
expression (a+b+c)" the quantity (b+c) is chosen as a single term
initially and the expression to be expanded will be written as
[Royden (2008)];

The quantities (b+c)’,(b+c)’ etc. will then each be expanded by the
binomial theorem, and the required expansion obtained after
simplification.

Note: If a, b or ¢ be equal to unity, that term is generally kept as the

single term and the remaining two combined as a single term.
We seek the formula for

(1. [Z a, i‘ called the positive multinomial i.e. for n =0
(2.1) [Z a,]r called the negative multinomiali.e.for n <0

m T . i k
(2.1) [Z a} called the rational multinomialie. r=—, k>0, n=0
n
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=% called the rational multinomial i.e.

@2.1) [zm]} g .
=1 r=
n

—, k=0, n=0

To achieve this given any Binomial theorem, we can apply its
method of expansion in the generation of a trinomial theorem.
Continuing this extension finitely to the #” order, we then develop
the complicated multinomial theorem in its expanded form as seen
in this work. In the same vein, the multibinomial theorem was also
generated, the ideas of which were used in the last section to
analytically develop different multinomial series and their
convergence results.

We seek expansion formula for

[Z“J {a.n

To start with, let =2 then the above becomes

{za } (o0,

i

-1 2 —in-2 - .
aa=1) o, n(-1)m RUSED WS
¥l

¥

=a” +na"a,+
.

= Z @)
o\

Again let m=3,in{l.1} above, we have

S| (@ @)
L aln~1){n-2) ,,3

=a" +na/" (a, + a3 )+ _n (- l)a,"_z 30 o+ )

ﬂ(n Din—2)n-3) ,,4*(“ ’_a) n(nwl)(n72)...(n7r+l)a,,_,A
3t r!

*(al+c13)2+

(ay+ay) +...
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1 2)(n3
| n- )(H;r Xn ) " (a+a)+
+n(ﬂ—1)(n—2r)r(”‘r+1) a’" (a)+a; +

n(n—1) el + n(n-1)
21 . 2!

n(n-1) . 5 an=-Dn-2) 5 . nn=Dn- 2) -
a e ——————a e, —————=
2! 3 3

n-2 2
a' " 2a,a,

.
" n-1 n-1
[(a!+(a3+a3))] =a" +na"a, +naa, +

*x3a,’q

~1Xn-2 , ~1)(n— " “D@-2) 5 2
SODOD) sy MDD o = -2) s
3 3! 3t
SO 20=3) 1 D= D03) g5,
41 : 41 :
D03 o M2
41 : 41 ?
+—'_n(n—l)(n4—l -3 al’HQ; +.o..+ e~ Lin~ 2)|' =i 1) @ (a;+a) +.
! Pl

x (n e Y
:Z X e (ay +ay) ——ZZ a ra¥n=r, =k
=14 =0 iny _’d

Alsoletdm=in (1.1), we have

[(al +a,)+(a;+a, _)]a

=1 -2 v
=(a+a, ) +n{q+a )" a+a,} %(q-ﬁﬁg‘) (a;+a,]
1 3 -1)(n-2)(n-3) o ;
—n(n 3]'(” (a+a) 3(‘11_; +a4‘j'+_n(" ](n4. ) )(alﬂzz) 4{a;+a4‘]4+--~
—Z{ J a, -i—a:jjw(aid.-a‘.)’
reo\ "
(o 2 g ) )
- 2! . 31 K 4! :
- —1I)(n-2 - -1)(n=-2)(n-3) ., .
[ nal"'la;wtn(n—l_}a]"'“azaE+7n{'” 2)](;1 }al”“’al‘aﬁ‘——-—ﬂ{” '”";l ) )af"'a_«'ag+---}
P ; ;
1 2 % -1)(n-2)(n-3 3
+t”“1 a,+n(n-1)a"a,a, + w ""'a;m+%at"'sa;a4
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n(n-1)(n-2)(n-3) n(n-1)(n-2)(n-3) ., ,
3 3 aa,a, + A G G

+[[@al"’2a§l+n(n_2!(n_2}al"’3azaf n(n. 1)(n- 2)2. - ata}

+n(_n—1)(n—2_}(n—3)(n—4)aln_jaxsajl+n(n—1)(n—l}(n—S}(_n—ll)(‘_n—S ratal s i
21 31 21 41 J

LR (nkz){n;s)(n—fn Mg

b (n—z){n—si(!n—u(n—s)alﬁ-s*mq{,.ﬂ_.]

+{n(-‘r;!m1)al"’laf %n{nl! ll‘n 2)a" aya, + (,” )7(?1 7;(:7 3) g ‘aa]

2 31 iR b 2! 4

+n{_1171}(nfzj](n73)(ii—4j = I_i_n(nl))(n2](;13){:’:4‘)(115]‘:,‘_5&1\,‘1:_'_H.H

‘[[n(n—l)(n—z)a”_sa, n(n=-1)(n-2)(n- a“"a

3! 1 3 3| 1 2 3
n(n-1)(n=2)(n-3)(n-4)

| AT I |
a4y dy

3 2!
+n{n—!:}(n—2;]{_rl—3)(n—4)(n—5_) LRI

3! 3! °
o n(n-1)(n-2)(n-4)(n- 5} "1 i} o

3t 4! s
+[n(.ﬂl)(n2) a, *3(, a, +w(n_3]aln"‘a\ *3(1‘2414

3! ! i -7
J_n(n—1)(_:1—2J[n3;3'][‘u—4)(n—5} a0 aiaia
n(n=1)(n-2)(n-3)(n—4)(n-5)(n-6)

3! 41 e
[w *3a.a, +%!(”2)[n 3)a™a, *3a.a,

( J(n -3)(n-4 5 2 1, A= AN B - n-6_3 2

ln= 13!( 2)(n }z(ln ]a]"’az‘ﬂa,a;+ (n 13)[(;1 2)( 3)(}13!4)fﬂ 5)&‘1' i
+n(i1—13|( -2) (n=3)(n- 4]4(|Jr1 5)(n- 6)‘:&"_._0:4*3%(141}
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—1)(n-2 —1)(n-2
+[”(” 5;]!(” ]“144]+n(n ](,; - 3)"1“”45«04

+n(n 1; i’l 3{(;’1 4 al,._;alzas w(”*y f_n—4}f_n—5_)a,"'5a:3af
nn)(n2) () (=)= 5)(1=8) s
31 41

_{["("_1:]{"_211(”_3].5»-40‘4+ n(n——l)(n—ﬂ(‘n—?)fii—4)a,H. 4

N i % 1 A%

n(n 1)(n-2)(n=3)(n—4){n-5) a0 2a*

a1 2! Eh
n(n—1)(n-2)(n-3)(n-4)(n-5)(n-6)(n-7) . , ,
e - - fa"a) a
+n(n71::|(‘r172)(r173:)( J{n 5)(n—6)(n- '7) gt

41 4 '3
+n(_n71']{n4*!2)(‘n73)al_,,,4 il (_n-i)(_nd‘—!2)(n—3)(_”_4)(]1#50I -
n(n-1)(n-2)(n-3) (}1—4)(?&—5)(??—6){’1”_._&13 il

4! 3!
Lnarzfl)t.n!i;thn—SJ(‘.n-4)tn4—g5)<n—6.l(,,_7)@”--(,;*40;&4+...}

"t abaia 1 n(n-1) {H—Zj][:n-.ﬂ(ﬂ—il)

#es 23
4 a""a, *6a;"a,

{n{nfl)l'nle(n{if)

: 4! 4

nin- 13(;;2)(:1 3)(n- 47(1" 5) u*402 6a 0

_n(n- l)(n4!")(n 3)(n— 4Jn3!5 (1=6) 1nry 3w 20
+n(n—1j(n4-!2;](n—3’](n—4)(n—5;}‘(!n—5)[n—7)al,_saﬂ_,*&La » ]

+n(n—1j(_n—2](n—-3_] ‘ n[‘n—l:}{ﬂ—Q)(jn —3} (n— 4:)[)'1—5_)

. g, wdaga + " = almsalz =daa
B R R T
+n(_n 1){(n-2)(n-3)(n—-4)(n—5)(n 6}01,,_60,*400
4! 3
~1)(n=2)(n-3) (n—4)(n-5)(n-6)(n-7) .. .
 n(n=1)(n=2)(n-3) (n-4)(n-5)(n-6)(n )a’4]
I a
(n(n-1)(n-2)(n-3 n(n=1{n-2){(n-3 = %
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i n(n—l)(ﬂ-2)(ﬂ—3) (n—-’s)(n— s)al”'da ”
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+”(n71]{n72)(n _3)* (n-4)(n- S)q(lnfs'l(n* 7)111"’-':1;(14{
A My Ry %

r=0
More so,

[(.al +a, +a; )+(a, +a; _]]:[{al +a,+q, _]" +n(a +a, +a, )"'l *(a, +a; ;]

n(n-1) 2 n(n=1)(n-2)

41

+ i (a+a, +a3 (a4 )+—‘—m‘—(al+a3+a3j]""3(a4+a5}3
+nl.n-1‘}(n— )J(n-3) {al-i—a +a) (a +a) +j|

:{[‘11 +(a,+a,)[ +n[a +(a, +a3:):ril(a4 +ay)

n(-”_l}[al +(a, +a )]ﬁ-: (a, +a )2 + ”(}]_13}!(”_2)

5 [al +(a, +a;f]:|"_3 (a;+a; )3

n(n 1)(n-2)(n-3)
4!

[ +(ay +a3}] a4+a5')4+---}

=LA Ta )| nay|aea )| nd | a S d ) |
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sn(n=1)(n-2)(n-3)
i R A

’ [ai +a+a; :],T‘q +4a’a, RA AR (_-”l—l)(?’i—ZJ(_l_l = '3‘)

[a, +(a,+a _}]”_4

4 41 41
B n(n- 1)(n4|2 J(n- 3)[ foe ] ] - n(\nﬁ]](n;!',!_}(.nf?:]{al+{a:+ai)]m4
o M(lel—””{aﬁ,a a ] JL

n

o
ZZZZH an—raqra a” [r Jaﬁ a5 a® a:j:a:r’s:|
7 a

r=0 Ty Ty
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Results on a Better Approach to Multinomial Expansion

We know that [¢, +a, ++a,]=[Ta]

where (1.2.1) is the Binomial expression of twwo multinomial expressions one even and the other
odd multinomial. As such (1.2.1) becomes

;: ‘] (e | =.f'n“‘;F’:“'% 1™ tiing
| Zat Za) =2, ) Za| | Za) 2.2
‘::_«-] ' \ g1 a0 h T Y Timl i W 2iel )
where the even term
Cresa® e
1 fn*r\(.u-_ 5 )
’ = slkj' PACY 123)
laa=l i:;,;-] F
.3 =4

and the odd term

2 n ;-"\ L.r-m N dim \_'5
J j Ya| | Yal (124
\ didal ) 1 4?, B Ll )

Substituting {1.2.3)y and (1.2.4) in (1.2.2) and in turn for (1.2.1) we have

('n"n )

=
(]
in
<

Subsequent expansion and simplification of (1.2.5) results in the compact form stated below.

Theorem 1.2.1:The multinomial expansion for positive integral indices states that if

-, f
2] -
a=l
then the compact form of the multinomial is

n
Y. lkk, aﬁ a; ay

kK, Kn
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’ t
[ n
while the coefficients ! k ] are called the multinomial coefficients which are computed by

3 n \’! !
Kook} Kigtokl
Results on Consequences of Multinomial Theorem for Positive Integral Indices

Corollary 2.1: the multinomial expansion for negative integral indices (i.e. n—negative) is

5 > ’n\"'?‘t-?“fr"\i
l(:‘"': \‘_ILr‘:u-» \'; _ l"JL x J{q/i

I
[ 2 E'] z.:--. N (.u--« \"

!:§1 a_j L:;: i Co=! J l\.;..-i

( n

while the coefficients l ko \l, the multinomial coefficients which usually are computed by
\ A A K

[ n 3 nl

oo k)RR

Theorem 2.2: the multinomial theorem for functional indices (i.e. n=L ) states that
q

P "qffi l‘,:
{f‘ P x'} \l '/}T
while the multinomial coefficients are computed by | lx/? ‘=
\kkynk) BlEL
W Keeen )
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Theorem 2.3:(The Multi Binomial Expansion)

Consider the already existing Binomial expansion

s

n 27 r-k _k
[al"‘a:] =Ztk j’-’l %
=00
then taking finite/infinite expansion of finite/infinite Binomial expansions, we obtain

(@=a) (a* 94}--'[_‘%71'—9;?(9;41*ﬂ‘;“:}' Haes

equals

3
i | 1 T
[Q 4»(2‘:7} ..-Ila}q‘ +q E 21 ;q JQ] : ...‘. ,!.; ;,a___l‘* G._d

This on a more compact presentation hecome

= o
Hfa say ) —Zl ja

Sl U

Main Results on the Multinomial Series from the Binomial Approach

The series Z Za of real numbers is defined as a series of double sequence { Za Z 8 }

=l gml L =1

satisfying the following conditions

ZS 3.%a,

jml aml

where
24,=25,- 25
ol =1 P

The series of numbers Z . 1is called the series of general terms of the series Z 2::: and
el P e

z s, iscalled of rthparticular sum of the series.
sl

The series ZZ" is convergent is and only if its series of sequence of partial sums Z 54 's
=l =l I

convergent to some series of numbers Za,' say. In this case, the series of numbers Za,‘ is
= =

called the sum of the series of series and we write i iq. - iaf' . The number

o1 ial =
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i: a’ —ﬁ 5. = iz_a,_ is called the remainder of the series of series or the tail which is
- el el
denoted by

ZRt —Za ~ix

=1

On the other hand a series of series is called divergent if it is not convergent.

Theorem 3.1:
a. The positive multinomial series ii[a] for
a1 gl
n \
n =0 is divergent provided Za /J is not rational in which case the ratior > 1.
\a

b. The negative multinomial series {Za, } is an alternating series which may
j= i=l

diverge or converge as the case may be.

. The rational multinomial (i.e. for fractional indices) series is a convergent series if
n=0.
o S
Proof: The infinite integral sum 3~ _l- S(1)dr is convesgent if VI ()= f Si(t)a tendstoa
Je=l's J=l 1%

finite sum of limits as N — cootherwise the integral is said to diverge. By the integral test, if f
is a sequence of non-negative decreasing integral function such that

Film)= a, (z)for all mE[bCE ) then the series Zza and the integral sum ZJ-H

=1 =l
converge or diverge together. By this (a) is evident for if @ = f for n>0, r > 0in (3) the
integral test above shows that z_[ a, (t)dt »( does not tend to a finite sum and hence does not
=

converge and so is divergent. Following same integral test above we discover that the
multinomial series in (b) proves alternating and hence may or may not converge but (c) above

converges for p < gin 1= % y
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